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SINGULAR COSPHERE BUNDLE REDUCTION
OANA M. DRA˘GULETE, TUDOR S. RATIU, AND MIGUEL RODRI´GUEZ-OLMOS
Abstract. This paper studies singular contact reduction for cosphere bun-
dles at the zero value of the momentum map. A stratification of the singular
quotient, finer than the contact one and better adapted to the bundle struc-
ture of the problem, is obtained. The strata of this new stratification are a
collection of cosphere bundles and coisotropic or Legendrian submanifolds of
their corresponding contact components.
1. Introduction
The main goal of this paper is to carry out the singular reduction of cosphere
bundles at the zero value of the contact momentum map. This presents interest
because cosphere bundles carry considerably more structure than a general contact
manifold and have the same privileged position in contact geometry that cotangent
bundles have in symplectic geometry.
Contact reduction appears for the first time in the work of Guillemin and Stern-
berg [9] in the context of reducing symplectic cones. Albert [1] and, several years
later, Geiges [7] and Loose [12] independently defined and studied contact reduction
at the zero value of the contact momentum map for free proper contact actions of
Lie groups. Reduction at a general value of the momentum map was studied by
both Albert [1] and Willett [19] who proposed two different versions of dealing
with it. It turns out that Willett’s method is the one that naturally parallels the
symplectic reduction theory, even in the singular case as shown by Lerman and
Willett [11]. They prove that the resulting contact quotient, at any value of the
momentum map, depends only on the contact structure, that it is independent of
any contact form that defines the contact foliation, and that it is a stratified space,
more precisely, a cone space.
The case of cosphere bundle reduction for proper free lifted Lie group actions
was studied in [5] with a view of comparing the theory to that for cotangent bun-
dle reduction. It turns out that in regular contact reduction of cosphere bundles
there are no analogues of magnetic terms. In parallel, in [16] the authors have
developed the theory of singular cotangent bundle reduction at the zero value of
the momentum map and have found a finer stratification than that given by the
general theory due to the additional structure of the cotangent bundle and the fact
that the Lie group action is a cotangent lifted action. A similar phenomenon occurs
in contact reduction of cosphere bundles. Applying the general theory of singular
contact reduction due to Lerman and Willett [11] yields contact stratified spaces
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that, however, lose all information of the internal structure of the cosphere bun-
dle. Based on the cotangent bundle reduction theorems, both in the regular and
singular case, as well as regular cosphere bundle reduction, one expects additional
bundle-like structure for the contact strata. The cosphere bundle projection to the
base manifold descends to a continuous surjective map from the reduced space at
zero to the orbit quotient of configuration space, but it fails to be a morphism of
stratified spaces if we endow the reduced space with its contact stratification and
the base space with the customary orbit type stratification defined by the Lie group
action. The present paper introduces a new stratification of the contact quotient
at zero, called in what follows the C-L stratification (standing for the coisotropic
or Legendrian nature of its pieces) which solves the above mentioned two prob-
lems. Its main features are the following. First, it is compatible with the contact
stratification of the quotient and the orbit type stratification of the configuration
orbit space. It is also finer than the contact stratification. Second, the natural
projection of the C-L stratified quotient space to its base space, stratified by orbit
types, is a morphism of stratified spaces. Third, each C-L stratum is a bundle over
an orbit type stratum of the base and each contact stratum can be seen as a union
of C-L pieces, one of them being open and dense in its corresponding contact stra-
tum and contactomorphic to a cosphere bundle. The other strata are coisotropic
or Legendrian submanifolds in the contact components that contain them.
The paper is structured as follows. Section 2 presents the definitions, conven-
tions, and results on stratified spaces and contact reduction (regular and singular)
that are used throughout the paper. Section 3 quickly reviews the relevant results
on regular contact cosphere reduction. Section 4 presents the stratification of the
zero level set of the momentum map and begins the work on the stratification of the
quotient by studying the case of one single orbit type (Theorem 4.1). The contact
stratification and contact geometry of the reduced space are studied in Section 5,
having as main results Theorems 5.1 and 5.2. The new C-L stratification is also
introduced here and its properties are investigated. Theorem 5.3 presents a com-
plete description of its frontier conditions. Section 6 studies the singular cosphere
bundle reduction for almost semifree actions, that is, actions that are in bijective
correspondence with free lifted actions on the cosphere bundle. The stratification
is computed explicitly and the particular case of the circle acting on the cosphere
bundle of the plane is carried out in detail. Section 7 studies the example of the
diagonal action of the two-torus on two copies of the plane, lifted to the cosphere
bundle. This example is rich enough to illustrate the relationships between the
various stratifications and the strata are computed explicitly.
2. Preliminaries
In this section we will survey the main results of several topics that will be needed
in the subsequent development of the paper. We will assume that all topological
spaces are paracompact. In addition, manifolds will be real, smooth and finite-
dimensional. By group we will mean a finite-dimensional Lie group. Every action
of a group G on a manifold M is supposed to be smooth and the usual notation
g ·m for g ∈ G and m ∈M will be employed. The natural pairing between a vector
space and its dual will be denoted by 〈·, ·〉. By submanifold, we will always mean
an embedded submanifold.
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2.1. Stratified spaces and proper group actions. The natural framework for
singular reduction is the category of stratified spaces. We briefly recall here the
basic concepts (see [17]). Let X be a topological space and ZX = {Si : i ∈ I} a
locally finite partition of X into locally closed disjoint subspaces Si ⊂ X , where I is
some index set. We say that (X,ZX) is a decomposed space if every Si is a manifold
whose topology coincides with the induced one from X and if the frontier condition
holds: Si ∩ Sj 6= ∅ implies Si ⊂ Sj, whence Si ⊂ ∂Sj , where ∂Sj := Sj\Sj. In this
case, the elements of ZX are called pieces of the decomposition.
In a topological space X , two subsets A and B are said to be equivalent at x
if there exists an open neighborhood U of x such that A ∩ U = B ∩ U . These
equivalence classes are called set germs at x. Let S be the map that associates to
each point x ∈ X the set germ Sx = [O]x of a locally closed subset O of X . We say
that (X,S) is a stratified space if, for every point x ∈ A there exists a neighborhood
U of x endowed with a decomposition ZU such that for every y ∈ U , Sy = [Z(y)]y,
where Z(y) ∈ ZU denotes the piece containing y. In this case we say that the
decomposition ZU locally induces S.
Given two stratified spaces (X,S) and (Y, T ) and a continuous map f : X → Y ,
we say that f is a morphism of stratified spaces (or shorter, a morphism) if for
every x ∈ X there exist neighborhoods V of f(x) and U ⊂ f−1(V ) of x such that
(i) there exist decompositions ZU and ZV locally inducing the stratifications
S and T respectively, with the property that for every y ∈ U contained
in a piece S ∈ ZU there is an open neighborhood y ∈ W ⊂ U such that
f
W
(S ∩W ) is contained in the unique piece R ∈ ZV that contains f(y),
and
(ii) f
S ∩W
: S ∩W → R is smooth.
In addition, we will say that f is a stratified immersion (resp. submersion, diffeo-
morphism, etc...) if so are all the maps f
S ∩W
for every point x ∈ X . Given two
different stratifications S and S ′ on the same topological space X , we say that S
is finer than S ′ if the identity map 1X , viewed as a map between stratified spaces
(X,S)→ (X,S ′), is a morphism.
Smooth manifolds are trivially stratified spaces and smooth maps between mani-
folds are their morphisms. Note that a decomposed space (X,ZX) induces naturally
a stratification (X,S) by just taking Sx to be the set germ of the piece containing
x, for every x ∈ X . In this case, we call the pieces Si ∈ ZX the strata of (X,S)
and say that they satisfy the frontier conditions defined by the underlying decom-
position. In this paper the stratifications that will appear will be of this form and
thus, for the sake of simplicity, when this is the case we will work most of the time
with the decompositions inducing these stratifications.
Let φ : G×M →M be a smooth action of the Lie group G on the manifold M .
Since M is paracompact it admits a Riemannian metric so if it is connected, M is
second countable. The action is called proper if φ × idM is a proper map. In this
paper we only work with proper actions. For instance, every action of a compact
group is automatically proper. The main properties of a proper action of G on M
are:
(i) For each m ∈M , its stabilizer (or isotropy group) Gm is compact.
(ii) The manifold structure of the orbit G ·m is the one that makes the natural
bijection G/Gm → G ·m a diffeomorphism. The inclusion G ·m →֒ M is
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an injective immersion. In addition, the orbit is a closed subset of M . If
M is connected, then the orbit is an embedded submanifold of M .
(iii) The quotient space equipped with the quotient topology is paracompact
and the orbit map π :M →M/G is open and closed.
(iv) M admits a G-invariant Riemannian metric.
(v) If all the stabilizer groups are conjugate to a given subgroup H ⊂ G, then
M/G is a smooth manifold, the orbit map π : M → M/G is a smooth
locally trivial fiber bundle whose fibers are diffeomorphic to G/H , and the
structure group of this locally trivial fiber bundle is N(H)/H , where N(H)
is the normalizer of H in G.
We now quote Palais’ Tube Theorem [15] in a form adapted to our needs, which
is of great importance in the local study of proper actions. Let m ∈M . Choose an
invariant Riemannian metric on M and use it to decompose TmM = g ·m ⊕ Sm,
where g ·m = {ξM (m) : ξ ∈ g}. This splitting is Gm-invariant for the linear action
of Gm on TmM . The twisted action of Gm on G× Sm is defined by
(2.1) h · (g, s) = (gh−1, h · s)
for h ∈ Gm, g ∈ G and s ∈ Sm. Since Gm acts freely on the right on G, the twisted
action is free. In addition, Gm is compact by property (i) of proper group actions,
so the quotient space, denoted by G ×Gm Sm, is a manifold. The Tube Theorem
implies the existence of a Gm-invariant open ball U around the origin in Sm such
that the map ψ : G×Gm Sm →M defined by
(2.2) ψ([g, s]) = g · expm(s)
mapsG×GmU diffeomorphically and equivariantly onto aG-invariant neighborhood
U ′ of G ·m in M . Here, expm is the exponential map at m associated to the chosen
Riemannian metric. The map ψ is called a tube for the action and Sm is called a
linear slice, or simply a slice of the action at m.
Let IM be the isotropy lattice ofM , i.e. the set of conjugacy classes of subgroups
of G which appear as stabilizers for the action of G onM . Such classes, called orbit
types, are denoted by (H) . For each element (H) ∈ IM the (H)-orbit type manifold
is defined by
(2.3) M(H) = {m ∈M | (Gm) = (H)}.
In the same way, for any subset A of M one defines the orbit type sets of A by
A(H) = A∩M(H) and the isotropy lattice of A by restriction. For a proper G-action
on a manifold M such that M/G is connected, there is always a subgroup H0 ⊂ G
such that M(H0) is open and dense in M and H0 is conjugate to a proper subgroup
of any other stabilizer. This orbit type (H0) is called the principal orbit type of IM .
Obviously, the collection of orbit type manifolds forms a partition of M . For
simplicity, we will make from now on the following important assumption: for
every (H) ∈ IM , all the connected components of M(H) have the same dimension
and M is second countable. Hence we have:
(i) For every (H) ∈ IM , M(H) is a G-invariant submanifold of M , and
(ii) M and M/G are stratified spaces with strata M(H) and M
(H) := M(H)/G
respectively. Their frontier conditions are:
M (H) ⊂ ∂M (L) ⇐⇒ (L) ≺ (H),
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and correspondingly for M , where (L) ≺ (H) means that L is conjugate to
a proper subgroup of H . Since ≺ defines a partial ordering in IM we say
that the frontier conditions of the stratification of M/G are induced by the
isotropy lattice IM .
Remark 2.1. If one allows the connected components of the orbit type manifolds
to have different dimensions, then one needs to work in the larger category of Σ-
manifolds and Σ-decompositions. A Σ-manifold is a countable topological sum of
connected smooth manifolds having possibly different dimensions (see [17] for more
details). However, our results on the stratified nature of the studied quotient spaces
remain valid.
2.2. Reduction of Contact Manifolds. Recall that a contact structure on a
smooth (2n+ 1)-dimensional manifold C is a codimension one smooth distribution
H ⊂ TC maximally non-integrable in the sense that it is locally given by the kernel
of a one-form η with η ∧ (dη)n 6= 0. Such an η is called a (local) contact form.
Any two proportional contact forms define the same contact structure. A contact
structure which is the kernel of a global contact form is called exact. In the case of
exact contact manifolds, dη has rank n implying the existence of the Reeb vector
field R uniquely defined by
iRd η = 0 and η(R) = 1.
In the following we will consider only exact orientable contact manifolds.
When studying the geometry of the singular reduced spaces of cosphere bundles
one needs the notions of coisotropic and isotropic submanifolds in the contact con-
text. Any integral submanifold N of H has the property that its tangent space
at every point is an isotropic subspace of the symplectic vector space (ker ηx, d ηx)
and that’s why, sometimes, they are also called isotropic submanifolds. In partic-
ular, dimN ≤ n; if dimN = n, then N is called a Legendrian submanifold. A
submanifold N of the contact manifold (C, η, R) is coisotropic if for any x ∈ N the
subspace TxN ∩ ker ηx is coisotropic in the symplectic vector space (ker ηx, d ηx).
A group G is said to act by contactomorphisms on a contact manifold if it pre-
serves the contact structure H. For an exact contact manifold (C, η), this means
that g∗η = fgη for a smooth, real-valued, nowhere zero function fg. G acts by
strong contactomorphisms on C, if g∗η = η, i.e. G preserves the contact form,
not only the contact structure. A G–action by strong contactomorphisms on (C, η)
admits an equivariant momentum map J : N → g∗ given by evaluating the contact
form on the infinitesimal generators of the action: 〈J(x), ξ〉 := η(ξC)(x). Note the
main difference with respect to the symplectic case: any action by strong contac-
tomorphisms is automatically Hamiltonian. Note also that orbits which lie in the
zero level set of the contact momentum map are examples of isotropic submanifolds.
For more details on contact manifolds and their associated momentum maps see
[2], [8], and [19].
Reduction theory for co-oriented contact manifolds in the singular context was
introduced by Willett in [19]. We now review briefly this construction at zero
momentum, since it will be used in our next refinement to the cosphere bundle
case. Let G be a group that acts by strong contactomorphisms on an exact contact
manifold (C, η). By the definition of the momentum map, its zero level set is a
G-space. The contact quotient (reduced space) of C at zero momentum is defined
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as
C0 := J−1(0)/G.
Note that, as in the symplectic case, this quotient is in general a singular space.
Theorem 2.1. Let (C, η) be an exact contact manifold and G a Lie group acting
properly on C by strong contactomorphisms. Then for every stabilizer subgroup H
of G the set
C(H)0 := (J−1(0))(H)/G = (C(H) ∩ J−1(0))/G
is a smooth manifold and the partition of the contact quotient
C0 :=
(
J−1(0)
)
/G
into these manifolds is a stratification with frontier condition induced by the partial
order of IJ−1(0). Moreover, there is a reduced exact contact structure on C(H)0
generated by the one-form η
(H)
0 characterized by
π
(H)
G η
(H)
0 = i˜(H)η,
where π
(H)
G : (J
−1(0))(H) → C(H)0 is the projection on the orbit space and i˜(H) :
(J−1(0))(H) →֒ C is the inclusion.
In what follows this stratification will be referred to as the contact stratification
of C0.
3. Regular cosphere bundle reduction
Cosphere bundles are the odd dimensional analogs of cotangent bundles in con-
tact geometry. In the following, we will briefly recall their construction and their
equivariant regular contact reduction, referring to [5] and [18] for more details.
Let Q be a n-dimensional manifold and θ the Liouville one-form on T ∗Q, defined
by θ(Xpx) = 〈px, TpxτXpx〉, where px ∈ T ∗xQ, X ∈ Tpx(T ∗Q), and τ : T ∗Q→ Q is
the canonical projection. Let Φ : G×Q→ Q be an action of G on Q. Denote by
Φ∗ : G× T ∗Q→ T ∗Q
its natural (left) lift to the cotangent bundle. Consider the action of the multiplica-
tive group R+ by dilations on the fibers of T ∗Q \ {0T∗Q}.
Definition 3.1. The cosphere bundle S∗Q of Q is the quotient manifold (T ∗Q \
{0T∗Q})/R+.
Let π+ : T
∗Q \ {0T∗Q} → S∗Q and κ : [αq] ∈ S∗Q 7→ q ∈ Q be the canoni-
cal projections. Denote by [αq] the elements of the cosphere bundle. Of course,
(π+,R+, T ∗Q \ {0T∗Q}, S∗Q) is a R+-principal bundle. Also, we will use the π+
notation for any R+ projection. The exact contact structure of S∗Q is given by
the kernel of any one form θσ satisfying θσ = σ
∗θ for σ : S∗Q → T ∗Q \ {0T∗Q} a
global section. Such σ always exists and, even more, the set of global sections of
this principal bundle is in bijective correspondence with the set of C∞ functions
f : T ∗Q \ {0T∗Q} → R+ satisfying
fσ(rαq) =
1
r
fσ(αq), r ∈ R+, αq ∈ T ∗Q \ {0T∗Q}.
(See [5] for details).
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Remark 3.1. 1. Let C(S∗Q) = S∗Q × R+ be the symplectic cone over S∗Q, en-
dowed with the symplectic form d(tθσ). Then one can easily see that Tσ : C(S∗Q)→
T ∗Q given by Tσ([αq], t) = tfσ(αq)αq is a well defined symplectic diffeomorphism,
that is, a symplectomorphism.
2. If Q is zero-dimensional, we set, by convention, S∗Q = ∅.
The action Φ lifts to the cosphere bundle yielding a proper action
Φ̂∗ : G× S∗Q→ S∗Q, Φ̂∗(g, [αq]) = [Φ∗(g, αq)]
by contactomorphisms with all scale factors positive. In [10] it has been proved that
for any proper action which preserves an exact contact structure, there exists a G-
invariant contact form. As every contact form on the cosphere bundle is obtained
via a global section as above, we shall chose once and for all a section σ for which
(Φ̂∗g)
∗θσ = θσ. Relative to this contact form the induced action on the cosphere
bundle is by strong contactomorphisms. The associated momentum map, which
depends on the section σ, will be denoted J for simplicity, since in what follows
no other contact form different from θσ will be used. As above, the exact contact
structure of S∗(Q/G) can be described as the kernel of a global contact form of
type ΘΣ, where
Σ : S∗(Q/G)→ T ∗(Q/G) \ {0T∗(Q/G)}
is a global section, and Θ is the Liouville one-form of T ∗(Q/G).
Regular reduction of cosphere bundles was done in [5]. Its main result at zero
momentum is
Theorem 3.1. Let G be a finite dimensional Lie group acting freely and properly
on a differentiable manifold Q. Then (S∗Q)0, the reduced space at the regular value
zero of the cosphere bundle of Q, is contact diffeomorphic to the cosphere bundle
S∗(Q/G).
In the remainder of this paper, we will generalize this result to non-free ac-
tions, within the framework of stratified spaces, relating our results to the contact
stratification defined in Theorem 2.1.
4. The decomposition of J−1(0)
The geometric study of the contact reduced space (S∗Q)0 passes through the
analysis of the level set J−1(0) and, in particular, of its isotropy lattice IJ−1(0). We
shall use the fact that both the cosphere bundle S∗Q and the lifted action of G on
it are completely determined by the differential structure of Q and its supported
G-action. This will allow us to obtain our first main result, Proposition 4.1, which
describes this isotropy lattice, and hence the topology of the contact stratification of
(S∗Q)0, in terms of the isotropy lattice of Q without those elements corresponding
to zero dimensional orbit types. Also, as a preliminary result, and a “building
block” for the general construction, we state an intermediary cosphere reduction
result, Theorem 4.1, which applies to base manifolds Q on which the group action
is not free but exhibits a single orbit type, that is, IQ consists of only one element.
Lemma 4.1. The isotropy lattice of the cosphere bundle coincides with the isotropy
lattice of the cotangent bundle without the zero section
IS∗Q = IT∗Q\{0T∗Q}.
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Proof. It is enough to show that Gαq = G[αq ] for any αq ∈ T ∗Q \ {0T∗Q}. Thus let
g ∈ G[αq ]. This implies that g[αq] = [gαq] = [αq] ⇐⇒ gαq = rαq for r > 0. Since
the action of G on Q is proper, there is a G-invariant Riemannian metric on Q and
hence ‖gαq‖ = ‖αq‖ = r‖αq‖. It follows that r = 1 and G[αq ] ⊂ Gαq . The other
inclusion being obvious, the proof is now complete. 
Remark 4.1. We will write Jct : T
∗Q → g∗ for the canonical momentum map
for the cotangent-lifted action of G on T ∗Q endowed with the canonical symplectic
form. As J−1(0) = π+(J
−1
ct (0) \ {0T∗Q}) note that
(J−1(0))(L) = π+
(
(J−1ct (0))(L) \ [(J−1ct (0))(L) ∩ {0T∗Q}]
)
since (J−1ct (0) \ {0T∗Q})(L) = (J−1ct (0))(L) \ [(J−1ct (0))(L) ∩ {0T∗Q}].
The following theorem is an immediate consequence of Theorems 3.1 and 2.1.
Theorem 4.1. Let G be a finite dimensional Lie group acting properly on the
differentiable manifold Q such that all the points in Q have stabilizers conjugate
to some K (that is, Q = Q(K)). Then J
−1(0) is a submanifold of (S∗Q)(K) and
(S∗Q)0, the reduced space at zero, is contact-diffeomorphic to S
∗(Q/G) .
In the following proposition we give the decomposition of J−1(0) and show how
the topology of the contact quotient at zero is completely determined by the isotropy
lattice ofQ. For that, we will use the following partition of T ∗Q. We fix once and for
all a G-invariant Riemannian metric on Q. Then, for any (H) ∈ IQ, the restriction
of TQ to the embedded submanifold Q(H) can be decomposed as the Whitney sum
TQ(H)Q = TQ(H) ⊕ NQ(H), where, for every q ∈ Q(H), NqQ(H) = TqQ⊥(H)). Note
that each of the elements of the Whitney sum are G-invariant vector bundles over
Q(H). Dualizing this splitting over each orbit type submanifold in Q, we obtain the
following G-invariant partition of T ∗Q:
T ∗Q =
∐
(H)∈IQ
T ∗Q(H) ⊕N∗Q(H).
Now, the restriction of this partition to T ∗Q\{0T∗Q} and afterwards its quotient
by the action of R+, induces a G-invariant partition of S∗Q.
Let I∗Q denote the isotropy lattice of Q without those elements corresponding to
orbit type manifolds (H) for which the orbits of the restricted G-action have the
same dimension as Q(H). At this moment, we will need some results on cotangent-
lifted actions, which were proved in [16].
Lemma 4.2. If G acts on Q and on T ∗Q by cotangent lifts with momentum map
Jct : T
∗Q→ g∗. Let (L), (H) ∈ IQ be arbitrary.
(i) (N∗Q(H))(H) is the zero section of N
∗Q(H).
(ii) Let Jct(H) denote the canonical momentum map on T
∗Q(H) associated to
the lift of the action on Q(H) obtained by restriction from Q. Then
(4.1) (J−1ct (0))(L) = J
−1
ct(L)(0)
∐
(H)≻(L)
(
J−1ct(H)(0)× (N∗Q(H))(L)
)
(iii) If (L) 6= (H), then (N∗Q(H))(L) 6= ∅ if and only if (H) ≻ (L).
Proposition 4.1. Suppose G acts properly on the manifold Q. Then we have:
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(i) For q ∈ Q(H) such that Gq = H and (L) ∈ IS∗Q,
(J−1(0))(L) ∩ S∗qQ 6= ∅ ⇐⇒ (L) ∈ IQ and
(
(H) ∈ I∗Q or (L) ≺ (H)
)
;
(ii) (L) ∈ IJ−1(0) ⇐⇒ (L) ∈ I∗Q and hence C(L)0 6= ∅ ⇐⇒ (L) ∈ I∗Q ⇐⇒
dimQ(L) ≥ 1;
(iii) The cosphere bundle projection k restricts to the G-equivariant continuous
surjection k(L) : (J
−1(0))(L) → Q(L) which is also an open map;
(iv) For a fixed orbit type (L) in the zero momentum level set of the lifted G-
action to S∗Q the corresponding orbit type submanifold admits the following
G-invariant partition:
(4.2) (J−1(0))(L) = J
−1
(L)(0)
∐
(H)≻(L)
π+
(
J−1ct(H)(0)×
(
N∗Q(H)
)
(L)
)
,
where (H) ∈ IQ;
(v) For every (H) ≻ (L) with (L) ∈ I∗Q and (H) ∈ IQ the restrictions
t˜(L) := k(L)|J−1
(L)
(0) and t˜(H)≻(L) := k(L)|pi+
(
J−1
ct(H)
(0)×(N∗Q(H))(L)
)
are G-equivariant smooth surjective submersions onto Q(L) and Q(H) re-
spectively. The mappings Jct(H) and J(H) denote the momentum maps of
the restricted actions of G to T ∗Q(H) and S
∗Q(H) respectively (which are
the same as the canonical momentum maps for the restricted G-action on
Q(H)).
Proof. To prove (i), let (L) ∈ IS∗Q and q ∈ Q(H) with Gq = H . Then
(4.3) (J−1ct (0))(L) ∩ T ∗qQ = (SHq )∗ ⊕ (N∗qQ(H))(L),
where SHq is the linear slice for the G-action on Q(H)(see section 3 of [16]). Since
(J−1(0))(L) ∩ S∗qQ = ∅ ⇐⇒ (J−1ct (0))(L) ∩ T ∗qQ = {0}, then (J−1(0))(L) ∩ S∗qQ =
∅ only when (SHq )
∗ and (N∗qQ(H))(L) are simultaneously zero. This amounts to
(L) = (H) ∈ IQ\I∗Q, (see Lemma 4.2) from where the result follows.
(ii) is a forward consequence of (i). The rest of this statement and the G-
equivariant continuous surjectivity of k(L) are direct consequences of the fact that
IQ = IJ−1ct (0)
. To prove the openness of k(L) it suffices to observe that for any open
subset U of (J−1(0))(L), k(L)(U) = τ(L)(π−1(U)), where τ(L) : (J−1ct (0))(L) → Q(L)
is the open canonical cotangent projection map.
Applying (4.1) and the fact that (N∗Q(H))(L) does not contain the zero section
when (H) 6= (L) we have
(J−1ct (0) \ {0T∗Q})(L) =
(
J−1ct(L)(0)
)
\ {0T∗Q(L)}
∐
(H)≻(L)
[
J−1ct(H)(0)×
(
N∗Q(H)
)
(L)
]
.
Hence, applying π+ to this relation, we get
(J−1(0))(L) = J
−1
(L)(0)
∐
(H)≻(L)
π+
(
J−1ct(H)(0)×
(
(N∗Q(H)
)
(L)
)
which proves statement (iv).
As for the proof of (v), it is enough to notice that
J−1(L)(0) and π+
(
J−1ct(H)(0)× (N∗Q(H))(L)
)
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are bundles over Q(L) and Q(H) respectively. 
Remark 4.2. Notice that for the description of orbit types in J−1(0), we need
not only IQ, but also the lattice I
∗
Q since each J
−1(0)(L) is written as a union with
index (H) in IQ, but (L) belongs to I
∗
Q.
5. Topology and contact geometry of C0
5.1. The secondary decomposition of C(L)0 . Define the fiber bundles:
s(H)≻(L) := J
−1
ct(H)(0)× (N∗Q(H))(L) → Q(H)
s(L) := J
−1
ct(L)(0)→ Q(L).
Taking into account that π+(s(H)≻(L)) are G-invariant pieces of the partition (4.2)
of (J−1(0))(L) and that the actions of G and R+ commute, we can define:
CS(H)≻(L) :=
π+(s(H)≻(L))
G
CC(L) :=
J−1(L)(0)
G
=
π+
(
s(L) \ {0T∗Q(L)}
)
G
≃ S∗
(
Q(L)
G
)
.
Notice that for the above equivalence we have applied Theorem 4.1 and that each
contact stratum admits the following partition, which is the quotient of (4.2):
C(L)0 =
(
J−1(0)
)
(L)
G
= CC(L)
∐
(H)≻(L)
CS(H)≻(L)(5.1)
≃ S∗
(
Q(L)
G
) ∐
(H)≻(L)
CS(H)≻(L).
Remark 5.1. In the notations of the previous section, the maps k(L), t˜(L), and
t˜(H)≻(L) descend to
k(L) : C(L)0 → Q(L), t˜(L) : CC(L) → Q(L), and t˜(H)≻(L) : CS(H)≻(L) → Q(H);
k(L) is an open continuous surjection and the other two are smooth surjective
submersions.
Theorem 5.1. With the above notations, we obtain the following:
(i) Q(L) is a stratified space with strata Q(H), for all (L) 4 (H) and with
frontier condition given by
Q(K) ∩Q(H) 6= ∅ ⇐⇒ (H) 4 (K).
Moreover, Q(L) is open and dense in Q(L).
(ii) For every (L) ∈ I∗Q and (H) ∈ IQ, the partition (5.1) is a stratification of
the corresponding contact stratum C(L)0 , called the secondary stratification.
The frontier conditions are given by:
CS(H)≻(L) ⊂ ∂CC(L) for all (H) ≻ (L);
CS(H′)≻(L) ⊂ ∂CS(H)≻(L) ⇐⇒ (H ′) ≻ (H) ≻ (L).
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Moreover, the piece CC(L) is diffeomorphic to S
∗Q(L), is open and dense
in C(L)0 , and the map k(L) is a surjective submersion of stratified spaces.
Proof. Since the G-action is proper, the orbit type decomposition of Q induces a
stratification of Q/G and the first part of the theorem follows immediately consid-
ering the relative topology of Q(L) in Q/G. Also, (5.1) is a locally finite partition
and its pieces are obviously submanifolds of C(L)0 . As k(L) is a continuous map and
(k(L))−1(Q(L)) = CC(L), it follows that CC(L) is open in C(L)0 . In order to prove
the density, let x ∈ C(L)0 and U be any open neighborhood of x. Hence, V = k(L)(U)
is an open subset of Q(L) and, since Q(L) is dense in Q(L), there is at least one ele-
ment y ∈ V ∩Q(L). Notice that (k(L))−1(y) = (t˜(L))−1(y) ⊂ CC(L) and that there
is at least an element in (t˜(L))−1(y) which is in U . This means that U ∩CC(L) 6= ∅
which proves the density of CC(L).
Using the density of CC(L), the first frontier condition for the secondary strat-
ification becomes obvious. For the second one, consider in C(L)0 an arbitrary open
neighborhood U of a point x ∈ CS(H′)≻(L). By the openness property of k(L), we
obtain that O = k(L)(U) is an open neighborhood of k(L)(x) in Q(L). Applying (i),
we have that O∩Q(H) 6= ∅ ⇐⇒ (H ′) ≻ (H) ≻ (L). Furthermore, the surjectivity
of t˜(H)≻(L) implies (t˜(H)≻(L))−1(z) ∩ U 6= ∅ for any z ∈ O ∩ Q(H), proving that
CS(H′)≻(L) ⊂ ∂CS(H)≻(L) ⇐⇒ (H ′) ≻ (H) ≻ (L).
As k(L) restricted to each piece of the secondary decomposition is surjective,
Remark 5.1 immediately implies that this map is a stratified surjective submersion.

We will refer to the strata of the form CS(H)≻(L) as contact seams due to their
stitching role that will be explained later in Remark 5.3.
This theorem completes the topological description of each contact stratum C(L)0
in terms of its secondary stratification. We shall now begin the investigation of
geometrical aspects, namely to what extent the strata of this secondary stratifica-
tion admit canonical contact structures in the sense that the 1-forms generating
them are induced by some cosphere bundle structures compatible with the reduced
contact form on the contact stratum. Thus, denote by
Ψ˜(H) : CC(H) → (S∗Q(H),Θ(H)Σ )
the bundle morphism given by Theorem 4.1, where Θ
(H)
Σ is a contact form on the
cosphere bundle of Q(H). Observe that the restricted projection onto the first factor
p1(H)≻(L) :
(
J−1ct(H)(0) \ {0T∗Q(H)}
)
× (N∗Q(H))(L) → J−1ct(H)(0) \ {0T∗Q(H)}
is R+ and G-equivariant so it descends to the surjective submersion
p˜
(H)≻(L)
1 : CS
◦
(H)≻(L) → CC(H),
where
CS◦(H)≻(L) :=
π+
(
J−1ct(H)(0) \ {0T∗Q(H)} × (N∗Q(H))(L)
)
G
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is an open and dense submanifold of the contact seam CS(H)≻(L). Then, for any
pair (H) ≻ (L), we have the following bundle map covering the identity on Q(H)
Ψ˜(H)≻(L) := Ψ˜(H) ◦ p˜(H)≻(L)1 : CS◦(H)≻(L) → S∗Q(H)
which is also a surjective submersion. We are now able to endow each cosphere-like
stratum CC(H) and each CS
◦
(H)≻(L) with 1-forms given by:
(5.2)
(
CC(H), η(H) := (Ψ˜
(H))∗Θ
(H)
Σ
)
, and
(5.3)
(
CS◦(H)≻(L), η(H)≻(L) := (Ψ˜
(H)≻(L))∗Θ
(H)
Σ
)
.
It is impossible to induce in this way a 1-form on the whole piece CS(H)≻(L) and
hence we are forced to restrict ourselves, for the time being, to CS◦(H)≻(L). However,
we will show later how to extend this form to the whole CS(H)≻(L).
Theorem 2.1 gives the existence of an abstractly defined contact structure on
each contact piece C
(L)
0 generated by a 1-form θσ
(L)
0 . One of the aims of this
section is to investigate the compatibility of the previously defined forms η(H) and
η(H)≻(L) with the reduced contact form θσ
(L)
0 and to describe as much as possible
this abstract contact structure.
Theorem 5.2. The strata CC(L) and CS
◦
(H)≻(L) within the contact stratum C(L)0
satisfy the following properties:
(i) (CC(L), η(L)) is an open dense contact submanifold of the contact stratum
C(L)0 contactomorphic to (S∗(Q(L)),Θ(L)Σ ).
(ii) Using the above notations, the conformal classes of η(L) and η(H)≻(L) admit
smooth extensions to C(L)0 equivalent to θσ(L)0 , namely
θσ
(L)
0 CC(L)
≃ η(L) and θσ(L)0 CS◦(H)≻(L) ≃ η(H)≻(L).
The extension of η(L) is unique.
(iii) The conformal class of η(H)≻(L) can be smoothly and uniquely extended to
the whole stratum CS(H)≻(L). If (H) ∈ I∗Q then CS(H)≻(L) is a coisotropic
submanifold of the contact stratum C(L)0 . When (H) ∈ IQ\I∗Q then CS(H)≻(L)
is a Legendrian submanifold of the contact stratum C(L)0 .
Proof. (i) is a simple consequence of Theorem 4.1.
For (ii), let (L) and (H) be two fixed elements of I∗Q and IQ respectively and
i
(H)≻(L)
0 : CS
◦
(H)≻(L) → C(L)0 the inclusion map. By definition,
θσ
(L)
0 CS◦(H) ≻ (L)
≃ η(H)≻(L) ⇐⇒ ∃f > 0 in C∞(CS(H)≻(L)) such that
θσ
(L)
0 CS◦(H)≻(L)
= f η(H)≻(L) ⇐⇒ (i(H)≻(L)◦ )∗θσ(L)0 ≃ (Ψ˜(H)≻(L))∗Θ(H)Σ .
To simplify the reading of the proof, consider the two figures 1 and 2 where π
(H)≻(L)
G
and π¯
(H)
G denote the canonical G-projections and all the horizontal arrows in the
first and second diagram are injections and projections respectively.
As π
(H)≻(L)
G ◦ π+ is a submersion, it suffices to prove that
(5.4) (i
(H)≻(L)
0 ◦ π(H)≻(L)G ◦ π+ )∗θσ(L)0 ≃ (Ψ˜(H)≻(L) ◦ π(H)≻(L)G ◦ π+ )∗Θ(H)Σ .
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J−1
ct(H)
(0) \ {0T∗Q(H)} × (N
∗Q(H))(L)

 i(H)≻(L)//
pi+

(J−1ct (0) \ {0T∗Q})(L)
pi+


 i(L) // T ∗Q\{0T∗Q}
pi+

pi+
(
J−1
ct(H)(0) \ {0T∗Q(H)} × (N
∗Q(H))(L)
)

 i˜(H)≻(L) //
pi
(H)≻(L)
G

(J−1(0))(L)

 i˜(L) //
pi
(L)
G

S∗Q
CS◦(H)≻(L)

 i
(H)≻(L)
0 //
Ψ˜(H)≻(L)

C
(L)
0
S∗Q(H)
Figure 1. Diagram defining η(H)
(
J−1
ct(H)(0) \ {0T∗Q(H)} × (N
∗Q(H))(L)
)p1(H)≻(L)//
pi+

J−1
ct(H)
(0) \ {0T∗Q(H)}
pi+

pi+
(
J−1
ct(H)
(0) \ {0T∗Q(H)} × (N
∗Q(H))(L)
) p˜1(H)≻(L) //
pi
(H)≻(L)
G

J−1(H)(0)
p¯i
(H)
G

l(H) // S∗Q(H)
CS◦(H)≻(L)
p˜1
(H)≻(L)
// CC(H)
ψ˜(H) // S∗Q(H)
Figure 2. Diagram defining η(H)≻(L)
Observe that i
(H)≻(L)
0 ◦ π(H)≻(L)G ◦ π+ = π(L)G ◦ π+ ◦ i(H)≻(L) and the first term of
(5.4) becomes
(π
(L)
G ◦ π+ ◦ i(H)≻(L) )∗θσ(L)0 = i∗(H)≻(L) ◦ π∗+ ((π(L)G )∗θσ(L)0 )
= i∗(H)≻(L) ◦ π∗+ (˜i∗(L)θσ ) = (π+ ◦ j(H) ◦ Φ )∗θσ,
where in the last line we have used Theorem 2.1 together with the equality π+ ◦
j(H) ◦ Φ = i˜(L) ◦ π+ ◦ i(H)≻(L), with j(H) and Φ inclusions defined by:
Φ :
(
J−1ct(H)(0) \ {0T∗Q(H)} × (N∗Q(H))(L)
)
→֒ T ∗Q|Q(H) \ {0T∗Q(H)}
and
j(H) : T
∗Q|Q(H) \ {0T∗Q(H)} →֒ T ∗Q \ {0T∗Q}.
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Using this time π¯
(H)
G ◦ π+ ◦ p1(H)≻(L) = p˜(H)≻(L)1 ◦ π(H)≻(L)G ◦ π+, we can write the
second term of (5.4) as:
(Ψ˜(H) ◦ p˜(H)≻(L)1 ◦ π(H)≻(L)G ◦ π+ )∗Θ(H)Σ = (Ψ˜(H) ◦ π¯(H)G ◦ π+ ◦ p1(H)≻(L) )∗Θ(H)Σ
= (π+ ◦ p1(H)≻(L) )∗ (Ψ˜(H) ◦ π¯(H)G )∗Θ(H)Σ ≃ (π+ ◦ p1(H)≻(L) )∗l∗(H)θ(H)Σ,
where θ(H)Σ is a contact form on S
∗Q(H). Let p(H) : T
∗Q|Q(H) \ {0T∗Q(H)} →
T ∗Q(H) be the projection map. Since l(H) ◦ π+ ◦ p1(H)≻(L) = π+ ◦ p(H) ◦ Φ, the
second term is in the same conformal class as Φ∗p∗(H)π
∗
+θ(H)Σ and, hence, equation
(5.4) is equivalent to
Φ∗p∗(H)π
∗
+θ(H)Σ ≃ Φ∗j∗(H)π∗+θσ ⇐⇒ Φ∗p∗(H)(Σ ◦ π+)∗θ(H) ≃ Φ∗j∗(H)(σ ◦ π+)∗θ
⇐⇒ Φ∗p∗(H)fΣθ(H) ≃ Φ∗j∗(H)fσθ,
where θ and θ(H) are the canonical one-forms on T
∗Q and T ∗Q(H) respectively,
and σ, Σ are sections in the associated cosphere bundles. But p∗(H)θ(H) = j
∗
(H)θ, as
it can be easily seen in local coordinates, which proves (5.4).
As for the extension of the conformal class of η(L), an analogous proof can be
developed just by considering the limit case (H) = (L), when CS0(H)≻(L) degen-
erates in CC(L). In order to prove the uniqueness of this extension, let us con-
sider a point x ∈ C(L)0 and one tangent vector vx ∈ TxC(L)0 . As CC(L) is open
and dense in C(L)0 , there is a sequence of points xk ∈ CC(L) and one of vectors
vxk ∈ TxkCC(L) ≃ TxkC(L)0 such that
lim
k→∞
xk = x, lim
k→∞
vxk = vx.
From the above arguments and using the continuity of θσ
(L)
0 , we have that
lim
k→∞
η(L)(xk)(vxk)
g(xk)
= lim
k→∞
θσ
(L)
0 (xk)(vxk) = θσ
(L)
0 (x)(vx),
with g ∈ C∞(CC(L)) a positive function such that η(L) = g θσ(L)0 CC(L). We have
thus proved that the class of θσ
(L)
0 is the unique smooth extension of the class of
η(L) to C(L)0 .
(iii) To extend the class of η(H)≻(L) from CS
◦
(H)≻(L) to the whole piece CS(H)≻(L),
we will apply the same type of arguments as before, using this time that CS◦(H)≻(L)
is open and dense in CS(H)≻(L). Namely, for any point x ∈ CS(H)≻(L) and any
vx ∈ TxCS(H)≻(L), there is a sequence of points xk ∈ CS◦(H)≻(L) and one of vectors
vxk ∈ TxkCS◦(H)≻(L) ≃ TxkCS(H)≻(L) such that
lim
k→∞
xk = x, lim
k→∞
vxk = vx.
Observe that
lim
k→∞
η(H)≻(L)(xk)(vxk)
f(xk)
= θσ
(L)
0 (x)(vx)
and notice that this extension is also unique and given by the conformal class of
θσ
(L)
0 |CS(H)≻(L) .
To check the coisotropy and Legendrian submanifold conditions, let x ∈ CS◦(H)≻(L).
A direct count of dimensions gives:
dimker θσ
(L)
0 (x) = dim C(L)0 − 1 = 2(dimQ(L) − dimG+ dimL− 1)
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since S∗Q(L) is open in the corresponding contact stratum. At this point we need
the following intermediate result.
Lemma 5.1. The dimension of the tangent space to a contact seam is
(5.5) dimTxCS(H)≻(L) = dimQ(H) + dimQ(L) − 2 dimG+ dimH + dimL− 1.
Proof. We want to compute dimTxCS(H)≻(L) = dimCS(H)≻(L). For this, let
π(z) = k0(x) be the base point of x, where z ∈ Q(H) with Gz = H and note
that dimCS(H)≻(L) = dim(J
−1
ct (0) ∩ T ∗zQ)(L) + dimQ(H) − dimG + dimL − 1.
Where the class (L) refers to the linear H-action on the vector space J−1ct (0)∩T ∗zQ.
On the other hand, the inverse of the Riemannian bundle isomorphism TQ→ T ∗Q
maps (J−1ct (0) ∩ T ∗zQ)(L) H-equivariantly isomorphically to (Sz)(L). Now, if ψ,
U , and U ′ are like in the Tube Theorem (2.2), then ψ restricts to a diffeomor-
phism between G ×H
(
(Sz)(L) ∩ U
)
and U ∩ Q(L). Since dimG ×H (Sz)(L) =
dimG+ dim(Sz)(L) − dimH , we can compute
dim(Sz)(L) = dimQ(L) − dimG+ dimH.
Finally we obtain dimTxCS(H)≻(L) = dimQ(H) + dimQ(L) − 2 dimG + dimH +
dimL− 1. 
Consequently, a simple dimension count gives
dimTxCS(H)≻(L) −
1
2
dimker θσ
(L)
0 (x) = dimQ(H) − dimG+ dimH
= dim(Sz)(H) ≥ 0,
where z ∈ Q(H) is the base point of x and Sz is the associated linear slice. Sup-
pose first that (H) ∈ I∗Q and so dimTxCS(H)≻(L) − 12 dim ker θσ
(L)
0 (x) 	 0. This
implies that CS◦(H)≻(L) and CS(H)≻(L) can be neither isotropic nor Legendrian
submanifolds of C(L)0 and that TxCS◦(H)≻(L) & ker θσ(L)0 (x) for any x ∈ CS◦(H)≻(L).
Now let
Wx := TxCS
◦
(H)≻(L) ∩ ker θσ(L)0 (x) = TxCS(H)≻(L) ∩ ker θσ(L)0 (x)
and
Vx :=
{
v ∈ TxCS◦(H)≻(L) \ ker θσ(L)0 (x) : v = v0 ⊕ kR(x), k ∈ R , v0 ∈ ker θσ(L)0 (x)
}
.
One can easily check that Vx is a one dimensional vector space and that for any x ∈
CS◦(H)≻(L), we have TxCS
◦
(H)≻(L) = Wx ⊕ Vx. As Ψ˜(H)≻(L) is a surjective submer-
sion and θσ
(L)
0 CS◦(H)≻(L)
≃ η(H)≻(L), it follows that TxΨ˜(H)≻(L)(Wx) = kerΘ(H)Σ (y)
and TxΨ˜
(H)≻(L)(Vx)= span {RΣ(y)}, where y = Ψ˜(H)≻(L)(x) and RΣ(y) is the
Reeb vector field of (S∗Q(H),Θ
(H)
Σ ). Therefore, we obtain
rankdη(H)≻(L)(x)|Wx = dimWx − dimker dη(H)≻(L)(x)|Wx
= dimWx − dim{v ∈ Wx : dΘ(H)Σ (y)(TxΨ˜(H)≻(L)v, TxΨ˜(H)≻(L)w) = 0, ∀w ∈Wx}
= dimWx − dimkerTxΨ˜(H)≻(L) Wx = dimS
∗Q(H) − 1.
This shows that rank dη(H)≻(L)(x)W = 2dimW − (dim C
(L)
0 − 1) proving that
CS◦(H)≻(L) is a coisotropic submanifold. Since CS
◦
(H)≻(L) is dense in CS(H)≻(L), by
an extension argument similar to the one used before, we have that CS(H)≻(L) is
also a coisotropic submanifold of the corresponding contact stratum.
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If (H) ∈ IQ \ I∗Q, then dim TxCS(H)≻(L) = 12 dimker θσ
(L)
0 (x) and by the defini-
tion (5.3) η(H)≻(L) = 0 since S
∗Q(H) is the trivial bundle, proving thus that the
CS(H)≻(L) is a Legendrian submanifold of C(L)0 . 
Remark 5.2. Note that the contact seams CS(H)≻(L) can never be contact sub-
manifolds of C(L)0 .
5.2. The C-L stratification of C0. In this subsection we prove the existence of
a new stratification of the contact reduced space C0, different from the contact
stratification in Theorem 2.1. The existence of this new stratification, that we call
the C-L stratification since its strata are coisotropic or Legendrian submanifolds of
the corresponding contact stratum, is due to the bundle structure of the contact
manifold that we start with. We will see that the C-L stratification is strictly finer
than the contact one, if the base manifold Q has more than one orbit type. In
principle, this is not an advantage since the contact stratification partitions the
singular contact quotient in less and larger smooth components. However, if we
take into account the bundle structure of the problem we can see why this new
stratification is more appropriate.
The most important feature of regular cosphere bundle reduction, Theorem 3.1,
is that if we start with the cosphere bundle of a manifold Q, we end up again
with a cosphere bundle, this time over Q/G. Furthermore, the reduced contact
structure on S∗(Q/G) equals the canonical cosphere contact structure. In the
singular setting however, the lack of smoothness of the quotient spaces involved
forces us to choose another definition of fibration. The most natural one when
working with decomposed or stratified spaces is the following: if A and B are
decomposed spaces together with a continuous surjection f : A → B, we say that
f : A → B defines a stratified bundle over B if f is a morphism of decomposed
spaces. In our case, there is a natural projection k0 : C0 → Q/G induced from the
cosphere bundle projection k : S∗Q → Q. If we consider the natural orbit type
stratification of Q/G and the contact one of C0, then the projection does not define
a stratified bundle over Q/G since the image of a contact stratum C(L)0 under the
projection is Q(L) which includes several orbit type strata of Q/G. We will prove
that the choice of the coisotropic stratification for the contact quotient C0 solves
this problem.
Consider the partition of C0 obtained by putting together all the secondary strata
found in every contact stratum:
(5.6) C0 =
∐
(L)
CC(L)
∐
(K′)≻(K)
CS(K′)≻(K)
for every pair of classes (L), (K) ∈ I∗Q and every (K ′) ∈ IQ.
Theorem 5.3. The partition (5.6) is a decomposition of C0 inducing a stratifica-
tion, called the C-L stratification, that satisfies the following properties:
(1) If Q/G is connected and (L0) is the principal orbit type in Q, then CC(L0)
is open and dense in C0.
(2) k0 : C0 → Q/G is a stratified bundle with respect to the C-L stratification
of C0 and the orbit type stratification of Q/G.
(3) If IQ consists of more than one class, the C-L stratification is strictly finer
than the contact one, and they are identical otherwise.
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(4) The frontier conditions for the C-L stratification of C0 are:
(i) CC(K) ⊂ ∂CC(H) ⇐⇒ (H) ≺ (K)
(ii) CS(K)≻(H) ⊂ ∂CC(H) ⇐⇒ (H) ≺ (K)
(iii) C(K) ⊂ ∂CS(K)≻(H) ⇐⇒ (H) ≺ (K)
(iv) CS(K′)≻(H) ⊂ ∂CS(K)≻(H) ⇐⇒ (H) ≺ (K) ≺ (K ′)
(v) CS(K)≻(H′) ⊂ ∂CS(K)≻(H) ⇐⇒ (H) ≺ (H ′) ≺ (K).
Proof. For (1), recall by Proposition 4.1 that IJ−1(0) = I
∗
Q. The principal orbit
type of the isotropy lattice corresponds to an open and dense piece, so (J−1(0))(L0)
is open and dense in J−1(0), since (L0) is by hypothesis the principal orbit type
in I∗Q (assuming that dimQ 6= 0) and hence in IJ−1(0). Consequently, as the orbit
map J−1(0) → C0 is continuous and open, C(L0)0 is open and dense in C0. Now,
since C(L0)0 is equipped with the relative topology with respect to C0 and CC(L0) is
open and dense in it (Theorem 5.1), it follows that CC(L0) is also open and dense in
C0. For (2), note that the restrictions of k0 to CC(L) and CS(H)≻(L) coincide with
the corresponding restrictions of k(L), which, by Remark 5.1, are smooth surjective
submersions overQ(L) and Q(H) respectively for every (L) ∈ I∗Q and (H) ∈ IQ. This
shows that these restrictions map each C-L stratum of C0 to an orbit type stratum
of Q/G. Therefore, k0 is a morphism of stratified spaces. To prove (3), recall from
Theorem 4.1, that if IQ consists of a single orbit type (H), then C0 = C(H)0 = CC(H)
(assuming dimQ 6= 0) and its contact and C-L stratifications are both trivial and
identical. If there is more than one orbit type in the base, the number of C-L strata
is strictly higher than the number of contact strata (which is equal to the number
of orbit types of I∗Q). The identity map in C0 injects each C-L stratum in the unique
contact stratum to which it belongs and is hence a morphism of stratified spaces.
Therefore, the C-L stratification is finer than the contact one. For (4), relations
(ii) and (iv) follow from the frontier conditions of the secondary stratum C(H)0 . To
prove (i), it suffices to recall from the general theory of singular contact reduction
that C(K)0 ⊂ ∂C(H)0 if and only if (H) ≺ (K). Using the density of any maximal
secondary stratum CC(L) in the corresponding contact piece C(L)0 , (i) follows. (iii)
is a consequence of (v) if one considers the limit case CC(K) = CS(K)≻(K).
Finally, to prove (v), choose a point [x] ∈ CS(K)≻(H′) ⊂ C0 and an open neighbor-
hood [x] ∈ O ⊂ C0. We shall show that O ∩ CS(K)≻(H) 6= ∅ if (H) ≺ (H ′) ≺ (K).
Let x ∈ J−1(0) be a preimage of [x]. We can assume without loss of generality
that Gx = H
′ and that the projection of x, i.e. the point z = k(x) ∈ Q, satisfies
Gz = K. Let U be the only open G-saturated set in J
−1(0) such that U/G = O.
Then, identifying S∗Q with the unit bundle in T ∗Q via a G-invariant metric on Q,
we have that x is a unit covector lying in the subset of the cotangent fiber at z given
by (SKz )
∗ ⊕ (N∗zQ(K))(H′). By the general properties of linear representations of
compact groups on vector spaces and the property (iii) of cotangent-lifted actions
in Lemma 4.2, it follows that p2(U ∩ T ∗zQ) ∩ (N∗zQ(K))(H) 6= ∅ for every compact
subgroup H of K such that H ≺ H ′ and (N∗zQ(K))(H) 6= ∅, i.e., (H) ∈ IQ. Here,
p2 is the linear projection (S
K
z )
∗ ⊕N∗zQ(K) → N∗zQ(K). From this, it follows that
if x′ ∈ p2(U ∩ T ∗zQ)) ∩ (N∗zQ(K))(H), then [x′] ∈ O ∩ CS(K)≻(H). 
Remark 5.3. The previous result shows that, identifying a stratum CC(H) with
S∗Q(H) as shown in Theorem 5.2, the reduced space C0 is almost everywhere a
collection of cosphere bundles, one for each orbit type stratum of positive dimension
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in Q/G. These cosphere bundles satisfy the same frontier conditions as their bases,
i.e., S∗Q(K) ⊂ ∂S∗Q(H) if and only if Q(K) ⊂ ∂Q(H) (condition (i)), but in this case
there is always a contact seam CS(K)≻(H) between them, which “glues together”
these two cosphere bundles, as reflected in conditions (ii) and (iii).
6. Singular actions on the base with regular lifts to the cosphere
bundle
In the following definition we introduce a class of actions which may have singu-
larities on Q but that will be proven to yield regular lifted actions on S∗Q.
Definition 6.1. An almost semifree action of G on Q is a smooth action such
that a) it is free almost everywhere, b) the connected components of every orbit of
non-maximal dimension are isolated, and c) for every non-trivial isotropy subgroup
H ∈ IQ with Lie algebra h, its induced adjoint representation on (g/h) \ {0} given
by h · [ξ] = [Adh ξ] is free.
Note that for any almost semifree action, the quotient space Q/G consists on an
open and dense stratum Q(e), except possibly for a set of isolated singular points.
The next proposition shows that the class of almost semifree actions is in one-to-one
correspondence with the class of free actions on S∗Q.
Proposition 6.1. Let S∗Q be the cosphere bundle of Q endowed with the lift of a
proper action of a Lie group G on Q. This lifted action is free if and only if the
action on Q is almost semifree.
Proof. Recall that, identifying with the help of a G-invariant Riemannian metric
S∗Q with the unit bundle SQ ⊂ TQ and TQ with T ∗Q, G acts freely on S∗Q if
and only if its tangent-lifted action on TQ is free on the unit bundle, and hence if
it is free away from the zero section (since by linearity the lifted action intertwines
the fiber rescaling by non-zero factors). Let q ∈ Q with stabilizer Gq = H 6= {e},
S ⊂ TqQ a linear slice for the G-action at q and v = ξQ(q) + s ∈ TqQ \ {0}. Note
that all the admissible ξ’s differ by an element of the Lie algebra of H . Then
U = G · expq(S) is a G-invariant neighborhood of the orbit G · q = G · expq(0) and
there is anH-isomorphism f : TqQ→ g/h×S given by f(ξQ(q)+s) = ([ξ] , s), where
the H-invariance is with respect to the linear action on TqQ and the diagonal action
on g/h×S given by h·([ξ] , s) = ([Adh ξ] , h·s). Consequently, Gv = Hv = Hs∩H[ξ].
Suppose first that the lifted action of G on S∗Q is free. Then any point q′ ∈
U \ G · q can be written as q′ = g · expq(s) for some 0 6= s ∈ S with g ∈ G and
Gq′ = gHsg
−1 = {e}, since Gs = Hs = {e} as assumed above. Hence the G-action
on Q is almost semifree.
For v = ξQ(q0) ∈ Tq0Q \ {0} with ξ ∈ g, ξ /∈ h we obtain that Gv = {e} = Hv =
H[ξ], thus proving that the induced adjoint representation on (g/h) \ {0} is free.
To prove the converse implication, let v ∈ TqQ\{0} as before, with v = s+ξQ(q0),
where s ∈ S and ξ ∈ g. If s is different from zero, multiplying it if necessary by
a positive scalar smaller than one, we can guarantee that G · expq(s) ⊂ U \ G · q.
Shrinking U if necessary, we can guarantee that all of the points in U \ G · q0
have trivial isotropy, since the orbits of non maximal dimension are isolated by
hypothesis. Using again the Tube Theorem, the isotropy groups of these points are
gHsg
−1 = {e}, for every g ∈ G, which forces Hs = {e} and hence Hv = {e}. In the
case when s = 0, we have that Gv = H[ξ] = {e}, thus completing the proof. 
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Remark 6.1. To geometrically express the third condition in Definition 6.1, notice
that every non trivial isotropy subgroup H = Gq ∈ IQ acts freely on (g/h) \ {0}
if and only if for any element h ∈ H the associated diffeomorphism of Q maps
bijectively {expq(tξ) · q : t ∈ R} to {expq(tAdh ξ) · q : t ∈ R} for every ξ ∈ g with
[ξ] 6= 0 in g/h.
Notice that this is a major difference with the cotangent bundle case, where the
cotangent-lifted action is free if and only if the base action is free as well. In the
context of cosphere bundle reduction the reason for the special interest in semifree
actions and in finding necessary and sufficient conditions for the freeness of the
lifted cosphere action is the following. Given a cosphere bundle C = S∗Q with the
lift of a proper almost semifree action on Q, if we ignore the bundle structure of
the contact manifold C we are in the hypothesis of regular contact reduction, since
G acts freely, properly, and by strong contactomorphisms on C. Therefore, the
contact reduced space C0 is a well defined smooth contact manifold.
On the other hand, since the action on Q is not free in general, we cannot
apply the main result on regular cosphere bundle reduction of [5] (see Theorem
3.1) because in that case the quotient Q/G will not be a smooth manifold. In fact,
one expects C0 to be a smooth reduced manifold fibrating continuously over the
topological stratified space Q/G, but this bundle description cannot be achieved
by only applying the scheme of regular cosphere bundle reduction. However, the
results of the previous section will allow us to provide such a “stratified bundle”
picture of the contact quotient C0. Indeed, we have the following result.
Theorem 6.1. Let G be a Lie group acting properly and almost semifreely on Q
and by lifts on the cosphere bundle S∗Q with contact momentum map J : S∗Q→ g∗.
Write the orbit type decomposition of Q/G as
Q/G = Q(e)
∐
(H)∈IQ\I∗Q
∗(H),
where Q(e) = Q(e)/G is open and dense in Q/G and each ∗(H) with (H) ∈ IQ \ I∗Q
is an isolated point of some lower dimensional stratum Q(H) with (H) ≻ (e), lying
in the boundary of Q(e). Then the quotient C0 = J−1(0)/G is a smooth manifold
which can be decomposed as
(6.1) C0 ≃ S∗Q(e)
∐
(H)∈IQ\I∗Q
CS(H)
where each CS(H) is a trivial bundle over ∗(H) and a connected submanifold of C0
lying in the boundary of S∗Q(e). Moreover, the manifolds CS(H) are Legendrian
submanifolds of C0 in one-to-one correspondence with the singular orbits of the
G-action on Q and have dimension dimQ − dimG− 1.
Proof. Since J−1(0) consists of a single orbit type (e), due to the fact that the
lifted action to S∗Q is free, the secondary and C-L stratifications coincide with the
partition (6.1). As for every (H) ∈ IQ different from (e) we have (H) ∈ IQ \ I∗Q,
the contact seams CS(H) := CS(H)≻(e) are Legendrian submanifolds of C0. The
dimension of each connected component is then given by formula (5.5) noting that
dimQ(e) = dimQ and dimQ
(H) = dimQ(H) − dimG+ dimH = 0 for every (H) ∈
IQ \ I∗Q, since the action on Q is almost semifree. 
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Recall that a group action is called semifree if it is free everywhere except for a set
of isolated fixed points. Semifree actions are important particular cases of almost
semifree actions and they are commonly found in examples. The following example
explicitly illustrates the geometric constructions of this paper in that situation.
Example: S1 acting on S∗R2. Consider Q = R2 with Euclidean coordinates
(x1, x2) and its cotangent bundle T
∗R2 = R2×R2 with coordinates (x1, x2, y1, y2).
The action of S1 by rotations on R2 (a semifree action with R2(S1) = {(0, 0)}) lifts
to T ∗R2 by the induced diagonal action. A Hilbert basis for the ring of S1-invariant
polynomials for this cotangent lifted action is given by (see [3], §1.4)
σ1 = x
2
1 + x
2
2 + y
2
1 + y
2
2 ,
σ2 = 2(x1y1 + x2y2),
σ3 = y
2
1 + y
2
2 − x21 − x22,
σ4 = x1y2 − x2y1.
These polynomials satisfy the semialgebraic relations
σ1 ≥ 0, σ21 = σ22 + σ23 + 4σ24 .
We can identify the cosphere bundle S∗R2 with the subset of T ∗R2 given by the
constraint
σ1 + σ3 = 2.
The cotangent lifted action restricts to S∗R2 giving the free lifted action by con-
tactomorphisms. Its associated momentum map is given by
J(x1, x2, y1, y2) = σ4
for (x1, x2, y1, y2) ∈ S∗R2. Consequently, using invariant theory, the contact re-
duced space J−1(0)/S1 is identified with the semialgebraic variety ofR3 = {σ2, σ3, σ1}
defined by
C0 ≃
{
(σ2, σ3, σ1) ∈ R3 : σ1 ≥ 0, σ21 = σ22 + σ23 , σ1 + σ3 = 2
}
.
This contact reduced space is in fact a smooth manifold since it is the parabola
obtained intersecting the plane P = {σ1 + σ3 = 2} with the upper half of the cone
σ21 = σ
2
2 + σ
2
3 . Its smooth structure is induced from the ambient space R
3. This
was to be expected since the action on the contact manifold S∗R2 is free.
However, this reduced space is no longer a cosphere bundle since the action on
the base is semifree. We investigate now how the stratified bundle structure of
C0 obtained in the previous sections arises here. Note that Q/G = R2/S1 can be
identified with the subset of R3 given by
Q/G = {(0,−t, t) : t ≥ 0} ,
which is a half-open line parallel to the plane P containing C0. According to the
notation employed in this section, Q/G is a stratified space with strata Q(e) and
∗ = (0, 0, 0). The continuous fibration k0 : C0 → Q/G is given by k0(σ2, σ3, σ1) =
(0, 1 − σ1, σ1 − 1). Note that (k0)−1(Q(e)) = L
∐
R and (k0)−1(∗) = (0, 1, 1) (see
figure 6), where C0 = L
∐
R
∐{(0, 1, 1)}. In addition, recall that Q(e) ≃ R and that
S∗R = R ⊔R.
So (k0)−1(Q(e)) = L
∐
R is diffeomorphic to the cosphere bundle S∗Q(e). The
fiber over a point (0,−t, t) ∈ Q(e) is the pair of points (2√t, 1 − t, 1 + t) and
(−2√t, 1 − t, 1 + t) which lie in L and R respectively. Finally, the point (0, 1, 1),
the minimum of the parabola C0, is the seam CS(S1)≻(e) lying in the boundary
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Figure 3. The contact reduced space as a parabola fibrating over
a half-closed line.
of S∗Q(e). Finally, since both C0 and S∗Q(e) are one-dimensional, their contact
structures are trivial, due to the fact that the corresponding contact distributions
must be zero-dimensional.
7. Example: diagonal toral action on R2 × R2
We illustrate the main results obtained in this paper with one more example rich
enough to show all the extra structure appearing in the cosphere bundle singular
reduction. This time, the reduced contact space C0 will have dimension bigger than
one and will have hence a non-trivial contact structure.
Consider the proper action of G = T2 on Q = R2 × R2, where each S1 factor
acts by rotations on the corresponding R2 factor. The isotropy lattice for this
action is shown in Figure 4, where the subconjugation partial order is represented
by arrows. Also, the corresponding stratification lattice is shown. A stratification
lattice is a graphical arrangement of all the strata of a stratified space where for
any two strata A,B with A ⊆ B and such that there is no other stratum C with
the properties A ⊆ C and C ⊆ B we write A→ B. For the action under study, we
have IQ \ I∗Q = {
(
T2
)}.
Let (x, y) = (x1, x2, y1, y2) be the Euclidean coordinates of a point in Q and z =
(x, y, u, v) = (x1, x2, y1, y2, u1, u2, v1, v2) the ones of a covector in T
∗Q ≃ R4 × R4.
The ring of G-invariant polynomials on T ∗Q is generated by
ρ1 = ‖x‖2 + ‖u‖2 σ1 = ‖y‖2 + ‖v‖2
ρ2 = 2(x · u) σ2 = 2(y · v)
ρ3 = ‖u‖2 − ‖x‖2 σ3 = ‖v‖2 − ‖y‖2
ρ4 = x1u2 − x2u1 σ4 = y1v2 − y2v1.
These polynomials, which form a Hilbert basis, are subject to the following semi-
algebraic relations
ρ1 ≥ 0, σ1 ≥ 0, ρ21 = ρ22 + ρ23 + 4ρ24, σ21 = σ22 + σ23 + 4σ24 .
Identifying the cosphere bundle S∗R4 with R4 × S3 ⊂ R4 × R4, where S3 =
{(u, v) ∈ R2 × R2 : ‖u‖2 + ‖v‖2 = 1}, it is easy to see that its contact structure
is given by the kernel of the restriction of the Liouville one-form θ = udx + vdy
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and that the associated momentum map J : S∗R4 → R2 is given by J(x, y, u, v) =
(ρ4, σ4) ∈ R2. Consequently, we still have two more constraints to describe the
zero-momentum level set:
ρ4 = 0 and σ4 = 0.
Notice that we can also see S∗R4 as the subset of R8 defined by the additional
constraint
ρ1 + ρ3 + σ1 + σ3 = 2.
The associated G-invariant Hilbert map is defined by
γ : J−1(0)→ R3 × R3,γ(z) = (ρ1(z), ρ2(z), ρ3(z);σ1(z), σ2(z), σ3(z)),
and we can identify the reduced contact space with the image of γ, i.e. with the
semialgebraic variety of R6 defined by
C0 ≃ {(ρ;σ) ∈ R6 : ρ1, σ1 ≥ 0, ρ21 = ρ22 + ρ23, σ21 = σ22 + σ23 , ρ1 + ρ3 + σ1 + σ3 = 2}
which is the intersection between the product of two cones, C1 × C2 and the hy-
persurface H := {(ρ1, ρ3, σ1, σ3) ∈ R4 : ρ1 + ρ3 + σ1 + σ3 = 2}. (see Figure 5).
The Reeb vector field on S∗R4 is given by R(x, y, u, v) = (u, v, 0, 0) for any
(x, y, u, v) ∈ R4 × S3 and the flow of the corresponding reduced Reeb vector field
on C0 at a point (ρ0;σ0) is easily computed as
ρ1(t) = ρ01 + ρ02t+
1
2 (ρ01 + ρ03)t
2
ρ2(t) = ρ02 + (ρ01 + ρ03)t
ρ3(t) = ρ03 − ρ02t− 12 (ρ01 + ρ03)t2
σ1(t) = σ01 + σ02t+
1
2 (σ01 + σ03)t
2
σ2(t) = σ02 + (σ01 + σ03)t
σ3(t) = σ03 − σ02t− 12 (σ01 + σ03)t2.
Applying Proposition 4.1, we know that the orbit types of J−1(0) are exactly
those given by I∗Q and hence the contact strata of C0 are in bijective correspondence
with the strata of Q given by I∗Q. We then have
T ∗Qe = {(x, y, u, v) ∈ R8 : (x, y) 6= 0}
T ∗Q(S1×e) = {(0, y,0, v) ∈ R8 : y 6= 0}
T ∗Qe×S1 = {(x,0, u,0) ∈ R8 : x 6= 0}
N∗Qe = {(x, y,0,0) : x 6= 0 , y 6= 0}
N∗QS1×e = {(0, y, u,0) : y 6= 0}
N∗Qe×S1 = {(x,0,0, v) : x 6= 0}.
Consequently, a direct computation gives the following orbit types for the zero
momentum map
J−1(0) = {z ∈ R4 × S3 : ρ4(z) = σ4(z) = 0}
(J−1(0))(e) =
{
z ∈ J−1(0) : x 6= 0, y 6= 0}∐{
z ∈ J−1(0) : x = 0 , y 6= 0, u 6= 0}∐{
z ∈ J−1(0) : x 6= 0, y = 0, v 6= 0}∐{
z ∈ {0R4} × S3 : u 6= 0, v 6= 0
}
(J−1(0))(e×S1) =
{
z ∈ J−1(0) : y = v = 0, x 6= 0}∐{z ∈ J−1(0) : x = y = v = 0, ‖u‖ = 1}
(J−1(0))(S1×e) =
{
z ∈ J−1(0) : x = u = 0, y 6= 0}∐{z ∈ J−1(0) : x = y = u = 0, ‖v‖ = 1}.
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Figure 4. Isotropy and stratification lattices for the T2 action on R4.
Using the image of the Hilbert map γ we can realize the contact strata given by
Theorems 2.1, 5.1, and 5.3 as:
C(e)0 = CC(e)
∐
CS(S1×e)≻(e)
∐
CS(e×S1)≻(e)
∐
CS(T2)≻(e)
CC(e) =
{
(ρ;σ) : ρ1, σ1 > 0, ρ1 6= ρ3, σ1 6= σ3, ρ21 = ρ22 + ρ23,
σ21 = σ
2
2 + σ
2
3 , ρ1 + ρ3 + σ1 + σ3 = 2
}
CS(S1×e)≻(e) = {(ρ;σ) : ρ1, σ1 > 0, σ1 6= σ3, ρ1 = ρ3, ρ2 = 0,
2ρ1 + σ1 + σ3 = 2, σ
2
1 = σ
2
2 + σ
2
3
}
= (R+ × C2) ∩ {2ρ1 + σ1 + σ3 = 2, σ1 6= σ3}
CS(e×S1)≻(e) = {(ρ;σ) : ρ1, σ1 > 0, ρ1 6= ρ3, σ1 = σ3, σ2 = 0,
2σ1 + ρ1 + ρ3 = 2, ρ
2
1 = ρ
2
2 + ρ
2
3
}
= (C1 × R+) ∩ {2σ1 + ρ1 + ρ3 = 2, ρ1 6= ρ3}
CS(T2)≻(e) = {(ρ;σ) : ρ1, σ1 > 0, ρ1 = ρ3, σ1 = σ3, ρ2 = σ2 = 0,
ρ1 + σ1 = 1}
C(e×S1)0 = CC(e×S1)
∐
CS(T2)≻(e×S1)
CC(e×S1) =
{
(ρ;0) : ρ1 > 0, ρ1 + ρ3 = 2, ρ
2
1 = ρ
2
2 + ρ
2
3
} \ {(1, 0, 1;0)}
CS(T2)≻(e×S1) = {(1, 0, 1; 0, 0, 0)}
C(S1×e)0 = CC(S1×e)
∐
CS(T2)≻(S1×e)
CC(S1×e) =
{
(0;σ) : σ1 > 0, σ1 + σ3 = 2, σ
2
1 = σ
2
2 + σ
2
3
} \ {(0; 1, 0, 1)}
CS(T2)≻(S1×e) = {(0, 0, 0; 1, 0, 1)} .
The corresponding contact, secondary and C-L stratification lattices in C0 are
shown in Figure 6. Notice that (e) is the principal orbit type in Q and, therefore,
CC(e) is open and dense in the reduced space C0. The contact seams CS(T2)≻(S1×e),
CS(T2)≻(e×S1), and CS(T2)≻(e) are Legendrian submanifolds of their contact strata,
while the rest are coisotropic. Every contact seam is mapped by the flow of the re-
duced Reeb vector field into the CC-secondary stratum of its corresponding contact
stratum as it can be easily checked.
In order to understand the bundle structure of these stratifications, we embed
Q in T ∗Q as the zero section and we identify Q/G with the subset of the image of
γ given by
Q/G = {(t1, 0,−t1; t2, 0,−t2) : t1, t2 ≥ 0} ≃ R+ × R+,
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Figure 5. The ambient space of C0
a half-plane parallel to H . The strata of its orbit stratification are
Q(e×S
1) = {(t1, 0,−t1;0) : t1 > 0}
Q(S
1×e) = {(0; t2, 0,−t2) : t2 > 0}
Q(e) = {(t1, 0,−t1; t2, ; 0,−t2) : t1, t2 > 0}
and we obtain that the corresponding cosphere-like strata of C0 are diffeomorphic
to the cosphere bundles
S∗Q(e×S
1) ≃ S∗Q(S1×e) ≃ R ⊔ R and S∗Q(e) ≃ R2 × S1.
The continuous fibration k0 : C0 → Q/G is given by k0(ρ1, ρ2, ρ3;σ1, σ2, σ3) =
(ρ1 − 1, 0, 1− ρ1;σ1 − 1, 0, 1− σ1).
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Figure 6. a) Contact stratification of C0. Secondary stratifi-
cations of: b) C(e×S1)0 , c) C(S
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0 and d) C(e)0 . e) Coisotropic-
Legendrian stratification of C0.
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